A delayed three-species periodic food-chain system with Holling type-II functional response is investigated. By using Gaines and Mawhin's continuation theorem of coincidence degree theory, a set of easily verifiable sufficient conditions is derived for the existence of positive periodic solutions to the system. 2000 Mathematics Subject Classification: 34K13, 92D25.
Introduction.
A rather characteristic behavior of population dynamics is the often-observed oscillatory phenomenon of the population densities. There are three typical approaches for modelling such a behavior: (i) introducing more species into the model and considering the higher-dimensional systems (like predator-prey interactions, see May [8] ); (ii) assuming that the per capita growth function is time dependent and periodic in time; (iii) taking into account the time-delay effect on the population dynamics (Smith and Kuang [9] , Zhao et al. [12] ). In most of the models considered so far, it has been assumed that all biological and environmental parameters are constants in time. However, any biological or environmental parameters are naturally subject to fluctuation in time. The effects of a periodically varying environment are important for evolutionary theory as the selective forces on systems in a fluctuating environment differ from those in a stable environment. Thus, the assumptions of periodicity of the parameters are a way of incorporating the periodicity of the environment (such as seasonal effects of weather, food supplies, mating habits, etc.); on the other hand, it is generally recognized that some kinds of time delays are inevitable in population interactions (see [1, 2] and the references cited therein). Time delay due to gestation is a common example because, generally, the consumption of prey by the predator throughout its past history governs the present birth rate of the predator. The effect of time delays on the asymptotic behavior of populations has been studied by a number of authors (see, e.g., [3, 11] ). Therefore, more realistic models of population interactions should take into account the seasonality of the changing environment and the effect of time delays.
Recently, Wang and Fan [10] discussed a two-species periodic predator-prey system with infinite delay. Sufficient conditions are derived in [10] for the existence of a positive periodic solution to the system. Motivated by the work of Wang and Fan in [10] , in the present paper, we are devoted to the study of the following three-species periodic food-chain predator-prey system with time delays:
with initial conditions It is well known that by the fundamental theory of functional differential equations [6] , system (1.1) has a unique solution x(t) = (x 1 (t), x 2 (t), x 3 (t)) satisfying initial conditions (1.2). It is easy to verify that solutions of system (1.1) corresponding to initial conditions (1.2) are defined on [0, +∞) and remain positive for all t ≥ 0. In this paper, the solution of system (1.1) satisfying initial conditions (1.2) is said to be positive.
Existence of periodic solutions.
In this section, by using Gaines and Mawhin's continuation theorem of coincidence degree theory, we show the existence of positive ω-periodic solutions of (1.1) and (1. 
For convenience of use, we introduce the continuation theorem of coincidence degree theory (see [5, page 40]) as follows.
In what follows, we will use the notations
where f is a continuous ω-periodic function.
Lemma 2.2. Assume the following hold:
Then the system of algebraic equations
Proof. Let
A direct calculation shows that
Obviously, there exists a unique zero point u *
Furthermore, from the second equation of (2.2), we obtain
which yields u * 3 > 0. The proof is complete.
We are now in a position to state our main result on the existence of a positive periodic solution to system (1.1).
Theorem 2.3. In addition to (H1) and (H2), further assume that
Then system (1.1), with initial conditions (1.2) , has at least one strictly positive ω-periodic solution.
Proof. Since solutions of (1.1) and (1.2) remain positive for all t ≥ 0, we let
On substituting (2.6) into system (1.1), we derivė
It is easy to see that if system (2.7) has one ω-periodic solution (y *
is a positive ω-periodic solution of system (1.1). Therefore, to complete the proof, it suffices to show that system (2.7) has one ω-periodic solution. Take
where | · | denotes the Euclidean norm. It is easy to verify that X and Y are Banach spaces with the norm · . Set 10) and
Define two projectors P and Q as
It is clear that
Therefore, L is a Fredholm mapping of index zero. It is easy to show that P and Q are continuous projectors such that
Furthermore, the inverse K P of L P exists, that is, K P : ImL → Dom L ∩ Ker P , which is given by Corresponding to the operator equation Lx = λNx, λ ∈ (0, 1), we obtaiṅ 
T is a constant vector in R 3 with |y 1 | + |y 2 | + |y 3 | = B. If system (2.42) has solutions, then In the following, we will prove that condition (c) in Lemma 2.1 is satisfied. To this end, we define φ : Thus
which is a contradiction. Using the property of topological degree and taking 
Finally, it is easy to show that the set {K P (I − Q)Nu | u ∈Ω} is equicontinuous and uniformly bounded. By using the Arzelá-Ascoli theorem, we see that
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